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Cones and Norms Our Notation and Setting

Cones
Norms

Our Notatic

We use H to denote a finite-dimensional Hilbert space over a field
[F (either R or C). Some examples...

@ C", complex Euclidean space with the usual inner product;

@ M,, the n x n complex matrices with the Hilbert—Schmidt
inner product

(A|B) := Tr(A'B); and

° I\/I,’,", the n x n complex Hermitian matrices, also with the
Hilbert—Schmidt inner product.
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If H is a real Hilbert space, then a cone C C H is a set satisfying

vel = dvel VA>0.

C is convex if Av 4+ (1 — A)w € C whenever v,w € C and
0<A<1.

For example, the set of positive semidefinite matrices M;" ¢ M/ is
a cone:

Ae M, < (v|Alv) >0 V|v) € C".
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The dual of a cone C on H is defined as follows:

c:={veH: :(wv) >0 YweC}.

@ (C° is always closed and convex, even if C isn't.
o If C is closed and convex then C°° = C.

@ The positive semidefinite cone is self-dual (i.e., (M)° = M).
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Cones
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A norm on H is a function || - || : H — R satisfying the following
three properties:

@ |v|| > 0 for all v € H, with equality if and only if v =0;
o |lcv| = [c||v| forall c e F,v e H;

o [[v+wl| < |v]| + |lw] for all v,w € H.

The inner product induces a norm on any Hilbert space: /(v|v).
For C", this is the Euclidean norm || - ||. For M,, this is the
Frobenius norm || - ||¢.
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Two other important norms on M, include:

@ the operator norm

4l = sup { (4]} = (). and

@ the trace norm

1Al = >_oi(A).
i=1
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Cones
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Dual Norm

The dual of a norm |[||-||| on H is defined as follows:

vl == sup {|(wp) : fwl| < 1}.
weH

@ The norm induced by the inner product is its own dual, and

@ the operator norm and the trace norm are duals of each other.
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Quantum States and Entanglement

Quantum

A pure quantum state is a unit vector |v) € C".

A mixed quantum state is a positive semidefinite matrix p € M!!
with Tr(p) = 1.

Mixed states can be written as convex combinations of projections
onto pure states:

p= Zp,-\v,-><v,-|.
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Quantum States and Entanglement

We often work with the tensor product of quantum systems. A
pure state |v) € C" ® C" is called separable if we can find
|a) € C™ and |b) € C" so that

v) = |a) @ [b).

A mixed state p € MY @ M/ is called separable if it can be
written as a convex combination of separable pure states:

p= Zp,-\v,-}(v,-| with each |v;) separable.

]
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Quantum States and Entanglement

Schmidt Dec

Theor Schmidt decomposition)

For each |v) € C™ @ C" there exists:
@ a positive integer k < min{m, n};
o positive real constants {a;}%_, with Zf:l a? =1; and
o orthonormal sets {|a;)}¥_, € C™ and {|b;)}k_, c C"
such that

k
v) = aila) ®|by).
i=1
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The integer k is called the Schmidt rank of |v), denoted SR(|v)).

@ SR(|v)) =1 if and only if |v) is separable.
e If SR(|v)) > 2 then |v) is called entangled.

o The constants {a;}%_; are called the Schmidt coefficients of
[v).

@ Schmidt rank and Schmidt coefficients are easy to calculate.
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Quantum States and Entanglement

Schmidt N

The Schmidt number of a mixed state p € M7 @ M* denoted
SN(p), is the least k such that it can be written as a convex
combination of pure states with Schmidt rank no larger than k:

p=>_pilvi){vi| with SR(|vi)) < k for all i.

SN(p) =1 if and only if p is separable.

If SN(p) > 2 then p is called entangled.
SN(|v){v|) = SR(|v)) for all |v).

@ Schmidt number is difficult to calculate in general.
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Block Posit

The set Sy of (positive scalar multiples of) mixed states with
Schmidt number < k is a closed, convex cone.

o For any p ¢ Sy, there exists X € MY @ M!! such that
Tr(Xo) > 0 for all 0 € S and Tr(Xp) < 0.

@ Such a matrix X is called a k-entanglement witness.

o If we require just the first property (i.e., Tr(Xo) > 0 for all
o € Sk), then we call X k-block positive.
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Quantum States and Entanglement

Duality

The set of k-block positive operators is a closed, convex cone. It is
(by definition) the dual of S.

Positive semidefinite Block positive

2-block positive
Schmidt number
<n-1

k-block positive

Schmidt number
<k
(n-1)-block positive
Schmidt number

Positive

Separable semidefinite
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We now introduce a family of norms that characterize k-block
positivity. For X € M,;, @ M,, we define

HXHS(k) =

sup {ltwiXIv)]: SR(1), SR(w)) < k}.
o IXllsqry < IXlls <+ < IXllsmingmnpy = IX

o Any Y € MY © M!? can be written in the form Y = ¢/ — X
for some X € (M, ® M,)*. Then Y is k-block positive if and
only if ¢ < [|X||s()-
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Duals of th

The dual of the S(k)-norm has the following form:

X115 = inf { S lal - X = 3 cilvi)(w

i i

with SR(|v;)), SR(|w;)) < k v,'}.

° ||X”§(1) > |’XHC§(2) > 2> ||X||05(min{m,,,}) = || X||er

e If pis a density operator, then ||p\|g(k) = 1if and only if
SN(p) < k.
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Values on

Schmidt number is easy to determine for pure states, so we might
hope that || - [|s(x) and || - HOS(k) are easy to compute for pure states
too.

Suppose |v) has Schmidt coefficients ai; > ap > ... > 0. Then

k
WV><V|HS(1<) = ZO‘?
i=1
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Values on

Similarly, let r be the largest index 1 < r < k such that

ay > Zg:i"l’"} a;j/(k — r) (or take r = 0 if no such index exists)

and define & := YT o /(k — r). Then

IV vll50y = Do af + (k= r)a.
i=1

When k = 1, this simiplifies to
min{m,n}

willsy =1{ 2= o

i=1
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Inequalities

In general, computing || - |5k or || - Hg(k) is difficult, so we find
bounds for them instead:

o [IXlIsthy < IIXlIs(ky < $IX|Is(ny when h < k.

X |5y = “Pmn=tehmot) \yhen > .

°
o [[X|ls( < Zizjl'(:l Njag.

o [[Xsy < IR(X)l(k2,2)-

o [ X|[sky = Il(idm ®ET)(X)H5(k) for all quantum channels £.
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Inequalities

o [X|lsq) > 1 < \/mnTr()r:fn) 1Tr X)2>
o [IPllsc) = IPllsch) + mintomay=s (1 = IPlls(s)) when h > k.
o 1Plsgy = min {1, 1oy where
r .= rank(P).
o 1Plse) > rpmialyey (r+ /28 ) + et
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We now focus on a less obvious place where the S(k)-norms come
up: distillability.

Two parties share a quantum state p and want to perform quantum
teleportation. Their first step is to transform their state into a
singlet state — they want to distill p.

@ Separable states p are undistillable.

e So are states such that p' € (M,, ® M,)* (where I is the
partial transpose).

o What about the converse?
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Define |¢) := % Som 1 |iy @ |i). There exist other undistillable

states in MY @ M if and only if there exists a € (1/n,1/2] such
that

(1 = naly) (w])*"

is 2-block positive for all r > 1.

In the @ = 2/n case, this can be restated naturally in terms of the
5(2)-norm...

Nathaniel Johnston Norms and Cones in Quantum Entanglement



S(k)-Norms

Duals of the S(k)-Norms
Entanglement Norms Properties and Inequalities
Distillability

Define a family of orthogonal projections recursively as follows:

Pri = [t4) (4| € Mp @ M,
Pn,r:(/_ Pn,1)®Pn,r—1+Pn,1®(/_Pn,r—l) Vr>2.

The oo = 2/n case of the conjecture holds if and only if

[y

| Pn,r Vr>1.

HS(2) < 2
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The best bounds we have are:

1 (11 2\
1Porlls@) =5 — <2—n_2> <1—,,) and

2 r
IParllsy <1 (1-3) -

@ The lower bound is tight when r = 1.

@ The lower bound is expected to be tight when r = 2, but this
is unknown even when n = 4.
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Thank You

Thank You

A big thank-you goes to...

@ my advisor: David Kribs;

@ my committees: Professors Bauch, Pereira, Poisson, Watrous,
and Zeng; and

@ all of you for showing up!
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