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Recently, the much-used trace distance of coherence was shown to not be a proper measure of coherence, so a
modification of it was proposed. We derive an explicit formula for this modified trace distance of coherence on
pure states. Our formula shows that, despite satisfying the axioms of proper coherence measures, it is likely not
a good measure to use, since it is maximal (equal to 1) on all except for an exponentially-small (in the dimension
of the space) fraction of pure states.
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I. INTRODUCTION

There are two key resources that set quantum information
theory apart from classical information theory: coherence and
entanglement. A necessary requirement for entanglement is
that the quantum system can be viewed as multiple quan-
tum systems that interact. For over two decades, entangle-
ment overshadowed coherence in the literature [1–8]. Now,
much interest has percolated with respect to coherence, espe-
cially as it pertains to quantum optics [9, 10], quantum biology
[11–13], and thermodynamics [14–17], as well as other areas.
Multiple quantum systems are not required for coherence, and
it arises in any system that cannot be reduced to a classical one
(essentially, whenever one deals with superpositions of quan-
tum states).

Formalizing the task of measuring coherence began in [18],
which effectively gave a one-to-one correspondence between
coherence measures and entanglement measures. Later, a
framework [19] of four defining properties for a coherence
measure to be proper was introduced, with these four proper-
ties being seen as highly desirable, or even required, for valid
coherence measures. Three of the most commonly used mea-
sures of coherence, namely the `1-norm of coherence, the rel-
ative entropy of coherence, and the robustness of coherence
[20], have all been shown to be proper coherence measures.
Another measure coherence, called the trace distance of co-
herence [21], has also received quite a bit of attention, but was
recently shown to not be a proper coherence measure in gen-
eral [22] (although it is proper when restricted to qubit states
or X states). This led to a “modified” trace distance of coher-
ence being proposed in [22], which was shown to indeed be
a proper coherence measure, and has been further studied in
[23, 24].

Despite the modified trace distance of coherence being a
proper measure of coherence, we demonstrate that it is not
very useful, since it is equal to its maximal value (i.e., 1) for
all but an exponentially-small proportion of pure states. We
also provide several related results along the way, such as an
explicit formula for the modified trace distance of coherence
on pure states, and we show that the closest incoherent state

to a pure state in this measure can always be chosen to have
just one non-zero entry. We also demonstrate numerically that
similar results likely hold for density matrices with a fixed
rank larger than 1.

In Section II, we review preliminary definitions and nota-
tion needed for the remainder of the paper. In Section III, we
present our main results on the modified version of the trace
distance of coherence: we show the non-uniqueness of the
incoherent states δ̃ closest to a given state ρ, we give a for-
mula for computing the modified trace distance of coherence
for pure states and describe an optimal p̃ and δ̃, and we show
that the modified trace distance of coherence is equal to 1—its
maximum possible value—on all except for an exponentially-
small (in the dimension of the space) fraction of pure states.
We numerically extend our results to mixed states of higher
rank in Section IV, and we provide concluding remarks in Sec-
tion V.

II. PRELIMINARIES AND THE TRACE DISTANCE OF
COHERENCE

Let I be the set of diagonal density matrices (incoherent
states). For any density matrix ρ, the trace distance of coher-
ence is defined as the trace norm distance between ρ and the
closest incoherent state:

Ctr (ρ)
def
= min

δ∈I
‖ρ− δ‖tr = min

δ∈I

n∑
i=1

|λi(ρ− δ)|,

where λi(ρ− δ) are the eigenvalues of the matrix ρ− δ.
For a coherence measure C to be a proper measure of co-

herence, it must satisfy the following four conditions [19]:

(1) C(ρ) ≥ 0, with equality if and only if ρ ∈ I;

(2) C(ρ) ≥ C(Λ(ρ)) if Λ is an incoherent operation, i.e.
a completely positive trace preserving linear (CPTP)
map Λ(ρ) =

∑
iKiρK

†
i whose Kraus operators satisfy

KiIK†i ⊂ I;
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(3) C(ρ) ≥
∑
j pjC(ρj) where pj = tr (KjρK

†
j ), ρj =

(KjρK
†
j )/pj , and {Kj} is a set of incoherent Kraus op-

erators (that is, Kraus operators that satisfy KiIK†i ⊂
I); and

(4)
∑
j pjC(ρj) ≥ C(

∑
j pjρj) for any set of states {ρj}

and any probability distribution {pj}.

Items (3) and (4) above (monotonicity under selective mea-
surements on average and non-increasing under mixing of
quantum states (convexity), respectively) are equivalent to
C(p1ρ1⊕p2ρ2) = p1C(ρ1)+p2C(ρ2) for all block-diagonal
states ρ in the incoherent basis [22]; this equation is more
readily manipulated and was shown to be violated for the trace
distance of coherence (and in particular, condition (3) above
does not hold for the trace distance of coherence).

In order to address this problem, the following modified
trace distance of coherence (originally called “modified trace
norm of coherence”) was proposed [22]:

C ′tr (ρ)
def
= min

{
‖ρ− pδ‖tr : δ ∈ I, p ∈ [0,∞)

}
. (1)

The advantage of this measure is that it really is a proper co-
herence monotone (i.e., it satisfies conditions (1)–(4) above),
while still retaining the “spirit” of the trace distance of coher-
ence.

III. MAIN RESULTS

In the n = 2 case, the modified trace distance of coherence
coincides with the familiar `1-norm of coherence:

C`1(ρ)
def
=
∑
i 6=j

|ρij |.

While this fact is already known [23], we state it as a the-
orem and include an alternate proof below that illustrates the
non-uniqueness of “the” state δ̃ ∈ I attaining the minimum
of C ′tr for a given ρ. This non-uniqueness is important, as it
plays a role in the pure state result that we will prove shortly.

Theorem 1. If ρ ∈M2(C) then C ′tr (ρ) = C`1(ρ) = 2|ρ12|.

Proof. We compute

‖ρ− p · diag (d1, d2)‖tr =

∥∥∥∥(ρ11 − pd1 ρ12
ρ21 ρ22 − pd2

)∥∥∥∥
tr

=

∥∥∥∥( ρ12 ρ22 − pd2
ρ11 − pd1 ρ21

)∥∥∥∥
tr

≥ 2|ρ12|,

where the inequality holds with equality if and only if ρ22 −
pd2 = ρ11 − pd1 = µ for some µ with |µ| ≤ |ρ12|. So, the
optimal solution set for diag (dp1, dp2) ∈ I equals{

diag (ρ11 − µ, ρ22 − µ) : −|ρ12| ≤ µ ≤ min{ρ11, ρ22}
}
.

In particular, we can choose µ = 0 to get δ = diag (ρ11, ρ22)
so that

ρ− diag (pd1, pd2) = ρ12E12 + ρ21E21,

where Eij is an appropriately sized matrix with 1 in the (i, j)-
th position and zeros elsewhere. The above expression has
trace norm equal to 2|ρ12|, which equals C`1(ρ). �

The above proof shows that the incoherent state attaining
the minimum in the modified trace distance of coherence is
very non-unique in general. For example, instead of choosing
µ = 0 like we did in the proof, we could have chosen µ =
−|ρ12| to get the incoherent state diag (ρ11+|ρ12|, ρ22+|ρ12|)
so that

ρ− diag (pd1, pd2) = −|ρ12|I + ρ12E12 + ρ21E21,

which also has trace norm equal to 2|ρ12|.
Next, we present an explicit method of computing

C ′tr (|x〉〈x|) (i.e., the modified trace distance of coherence
when restricted to pure states) that is analogous to the method
that was derived in [25] for the (standard) trace distance of
coherence. It turns out that the formulas involved for this
version of the trace distance are actually significantly simpler
than they were for the original version. In particular, we show
that C ′tr (|x〉〈x|) is simply a function of the largest entry of
|x〉, which we denote by ‖|x〉‖∞ := maxj{|xj |}.

Theorem 2. Suppose |x〉 ∈ Cn is a pure state.

a) If ‖|x〉‖∞ ≤ 1/
√

2 then C ′tr (|x〉〈x|) = 1. Further-
more, an optimal p in (1) is p̃ = 0.

b) If ‖|x〉‖∞ > 1/
√

2 then

C ′tr (|x〉〈x|) = 2‖|x〉‖∞
√

1− ‖|x〉‖2∞.

Furthermore, an optimal p and δ in (1) are

p̃ = 2‖|x〉‖2∞ − 1 and δ̃ = diag(1, 0, 0, . . . , 0),

respectively.

Before proving Theorem 2, we note that C ′tr (ρ) can be
computed numerically via the following semidefinite program
for arbitrary mixed states ρ:

minimize: ‖ρ−D‖tr
subject to: D diagonal

D � O.
(2)

However, Theorem 2 provides a much more explicit way of
dealing with this quantity when ρ = |x〉〈x| is pure. We also
note that we only describe “an” optimal p and δ in the state-
ment of the theorem (as opposed to “the” optimal p and δ),
since the points attaining the minimum may not be unique, as
we noted after Theorem 1.

Proof. We prove the result by showing that in each of case (a)
and (b), C ′tr (|x〉〈x|) is bounded both above and below by
the indicated quantity. Also, we may assume without loss
of generality that |x〉 = (x1, . . . , xn)t ∈ Rn with x1 ≥
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· · · ≥ xn ≥ 0. This follows from the fact that the modi-
fied trace distance of coherence is invariant under maps of the
form |x〉 7→ PU |x〉, where P is a permutation matrix and
U is a diagonal unitary matrix. In particular, this means that
‖|x〉‖∞ = x1.

In case (a) of the theorem, C ′tr (|x〉〈x|) ≤ 1 trivially since
we can choose p = 0 in definition (1). Similarly, in case (b)
we can choose

p = 2x21 − 1 and δ = diag(1, 0, 0, . . . , 0),

as suggested by the theorem, and then we have C ′tr (|x〉〈x|) ≤
‖ρ − pδ‖tr . To compute ‖ρ − pδ‖tr we note that rank(ρ −
pδ) ≤ 2, and it is straightforward to verify that its non-zero
eigenvalues are

λ± = (1− x21)± x1
√

1− x21,

with corresponding (unnormalized) eigenvectors

~v± =
(
±
√

1− x21, x2, x3, . . . , xn
)t
, (3)

respectively. Thus

‖ρ− pδ‖tr = |λ+|+ |λ−| = 2x1

√
1− x21,

which establishes the desired C ′tr (|x〉〈x|) ≤ 2x1
√

1− x21 in-
equality.

To obtain the opposite inequalities, we use weak duality ap-
plied to the semidefinite program (2). In particular, a routine
calculation shows that the dual of that semidefinite program
has the form

maximize: − 〈x|(Y + Y ∗)|x〉

subject to:
[
X Y
Y ∗ Z

]
� O

‖X‖, ‖Z‖ ≤ 1/2

diag(Y ) = ~0.

(4)

Any feasible point that we can find for this dual prob-
lem immediately (by weak duality) gives a lower bound on
C ′tr (|x〉〈x|).

In case (a) of the theorem, we can choose X = Z = I/2.
To see how we choose Y , first note that there exists a partic-
ular pure state |y〉 with the property that |yj | = |xj | for all j
and 〈x|y〉 = 0. To construct such a |y〉, we just need to choose
the phases eiθj of each entry yj of |y〉, and we want them to
satisfy

〈x|y〉 =

n∑
j=1

eiθj |xj |2 = 0.

Well, since |xj |2 ≤ 1/2 for all j, such phases do indeed exist
(this is basically just the triangle inequality—we can choose
eiθ1 = 1 and then choose the other phases so as to work our
way back to the origin in the complex plane).

Now that we have |y〉, we choose Y = (|y〉〈y| − |x〉〈x|)/2.
Then (since |yj | = |xj | for all j) we have diag(Y ) = ~0. Fur-
thermore, |x〉 and |y〉 are orthogonal, so the eigenvalues of Y

are ±1/2 and some zeroes, so
[
I/2 Y
Y ∗ I/2

]
� O. Thus all

of the constraints of the SDP (4) are satisfied, and the corre-
sponding objective value is

−〈x|(Y + Y ∗)|x〉 = |〈x|x〉|2 − |〈x|y〉|2 = 1− 0 = 1,

which establishes the desired lower bound C ′tr (|x〉〈x|) ≥ 1,
and completes the proof of part (a) of the theorem.

On the other hand, in case (b) of the theorem, we can choose
X = Z = I/2 and Y = (|v−〉〈v−|−|v+〉〈v+|)/2, where |v±〉
is the normalization of the vectors ~v± from Equation (3):

|v±〉 :=
1

√
2
√

1− x21
~v±.

By construction, Y has eigenvalues ±1/2 and some zeroes,

so
[
I/2 Y
Y ∗ I/2

]
is indeed positive semidefinite. The only other

constraint to be checked is that diag(Y ) = ~0, and this follows
from the fact that the entries of |v−〉 and |v+〉 have the same
absolute values as each other.

Thus X,Y, and Z define a feasible point of the SDP (4),
and the corresponding objective value is easily computed to
be

−〈x|(Y + Y ∗)|x〉 = |〈x|v+〉|2 − |〈x|v−〉|2 = 2x1

√
1− x21,

which establishes the desired lower bound C ′tr (|x〉〈x|) ≥
2x1
√

1− x21 and completes the proof. �

In addition to providing an explicit formula for
C ′tr (|x〉〈x|), Theorem 2 demonstrates that the modified
trace distance of coherence may have some limitations as a
measure of coherence (despite satisfying the requirements for
it to be physically relevant presented in [19]), since it only
depends on a the largest entry of |x〉 (see Figure 1).

Furthermore, C ′tr (|x〉〈x|) is constant and equal to its max-
imal value for a very large proportion of the state space.
For example, if |x〉 = (1, 1, 0, 0, . . . , 0)/

√
2 and |y〉 =

(1, 1, 1, . . . , 1)/
√
n then C ′tr (|x〉〈x|) = C ′tr (|y〉〈y|), which

seems very undesirable. Contrast this with the case of the
trace distance of coherence, the robustness of coherence, the
relative entropy of coherence, the the `1-norm of coherence,
all of which attain their maximum values only at the pure
states |x〉 ∈ Cn with |xj | = 1/

√
n for all j.

This problem does not present itself in dimension n = 2,
since every pure state |x〉 ∈ C2 has ‖|x〉‖∞ ≥ 1/

√
2. How-

ever, in higher dimensions, C ′tr (|x〉〈x|) provides no informa-
tion whatsoever on the vast majority of pure states, since con-
centration of measure (see [26], for example) says that the
proportion of pure states with ‖|x〉‖∞ ≥ 1/

√
2 decreases ex-

ponentially in the dimension, and these are the only pure states
with C ′tr (|x〉〈x|) 6= 1. The following theorem quantifies this
observation explicitly.



4

1/4 1/2 3/4 1

1/4

1/2

3/4

1

‖|x〉‖∞

C′
tr (|x〉〈x|)

FIG. 1: C′
tr (|x〉〈x|) as a function of ‖|x〉‖∞.

Theorem 3. The proportion (with respect to uniform Haar
measure) of pure states |x〉 ∈ Cn for which C ′tr (|x〉〈x|) = 1
is exactly 1− n/2n−1.

For example, this theorem says that already in dimension
n = 19, over 99.99% of pure states (chosen according to uni-
form Haar measure) have C ′tr (|x〉〈x|) = 1 (see Figure 2).
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0.999

0.9999

n

proportion

FIG. 2: The proportion of pure states |x〉 ∈ Cn with C′
tr (|x〉〈x|) =

1, for values of n ranging from 2 to 20. Notice the log scale on the
y-axis.

Proof of Theorem 3. One way of generating Haar-uniform
pure states |x〉 ∈ Cn is to independently generate 2n N(0, 1)-
distributed (i.e., normal-distributed with mean 0 and vari-
ance 1) random variables y1, y2, . . . , yn, z1, z2, . . . , zn and
then set [27]

|x〉 =
(y1 + iz1, y2 + iz2, . . . , yn + izn)

‖(y1 + iz1, y2 + iz2, . . . , yn + izn)‖
.

To start, we compute the probability that |x1| :=√
|y1|2 + |z1|2 ≥ 1/

√
2, which is equivalent to

|y1|2 + |z1|2 ≥ (|y2|2 + · · ·+ |yn|2) + (|z2|2 + · · ·+ |zn|2).

The sum of the squares of k independent N(0, 1)-distributed
random variables follows a chi-squared distribution with k de-
grees of freedom (facts like this one are contained in standard
mathematical statistics textbooks like [28]), so we are asking
exactly for P (X ≥ Y ), where X ∼ χ2

2 and Y ∼ χ2
2n−2.

Then

P (X ≥ Y ) = P

(
X

Y
≥ 1

)
= P

(
X/2

Y/(2n− 2)
≥ n− 1

)
.

Well, X/2
Y/(2n−2) follows an F-distribution with 2 and 2n−2 de-

grees of freedom, which is known to have probability density
function

f2,2n−2(x) =

(
n− 1

x+ n− 1

)n
.

Thus we conclude that

P (|x1| ≥ 1/
√

2) = P

(
X/2

Y/(2n− 2)
≥ n− 1

)
=

∫ ∞
n−1

f2,2n−2(x) dx

= −
(

n− 1

x+ n− 1

)n−1 ∣∣∣∣∣
∞

n−1

= 1/2n−1.

Since the n events
{
|xj | ≥ 1/

√
2
}

have the same proba-
bility regardless of j and are mutually exclusive, we conclude
that

P (max
j
{|xj |} ≥ 1/

√
2) = nP (|x1| ≥ 1/

√
2) = n/2n−1,

so the probability that |xj | ≤ 1/
√

2 for all j (and thus
C ′tr (|x〉〈x|) = 1) is 1− n/2n−1. �

IV. HIGHER-RANK DENSITY MATRICES

The modified trace distance of coherence behaves more like
one might naïvely expect on general mixed states, but a sim-
ilar “almost-constant” phenomenon seems to occur if we fix
the rank of the density matrices (not necessarily equal to 1)
and let the dimension grow. For example, Figure 3 illustrates
what proportion of density matrices ρ (again, with respect to
uniform Haar measure [29]) of a given rank in a given dimen-
sion have C ′tr (ρ) = 1.

Numerically it seems that approximately 50% of states
ρ ∈ Mn(C) with rank(ρ) ≤ n/3 have C ′tr (ρ) = 1. These
numerics were computed using the YALMIP [30] optimiza-
tion package for MATLAB, and our code for computing the
modified trace distance of coherence can be downloaded from
[31].
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FIG. 3: The proportion of mixed states ρ ∈ Mn(C) with C′
tr (ρ) =

1, for values of n ranging from 2 to 30 and various small ranks. Each
curve corresponds to density matrices of a particular rank, which is
indicated on the curve itself. The blue curve for rank-1 states is the
same as in Figure 2, but not on a log scale.

V. CONCLUSIONS

We have shown that the modified trace distance of coher-
ence is constant and equal to its maximum value of 1 on
all except for an exponentially-small (n/2n−1 in dimension
n) fraction of pure states, and we have provided numerical
evidence that suggests a similar phenomenon occurs for
density matrices of any fixed rank. It would be interesting
to pin down this numerical observation rigorously, but we
believe that the pure state result is enough to suggest that
other measures of coherence, which attain their maximal
value at essentially a unique state, should be preferred over
the modified trace distance of coherence.
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